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Abstract
We make a systematic investigation on the two-body nonleptonic decays Bc →
J/Ψ(ηc),M by employing the perturbative QCD approach based on kT factorization,
where M is a light pseudoscalar or vector or a heavy charmed meson. We predict the
branching ratios and direct CP asymmetries of these Bc decays and also the transverse
polarization fractions of Bc → J/ΨV, J/ψD∗(s) decays. It is found that these decays have
a large branching ratios of the order of 10−4 − 10−2 and could be measured by the future
LHC-b experiment. Our predictions for the ratios of branching fractions BR(B
+
c →J/ΨD
+
s )
BR(B+c →J/Ψpi+)
,BR(B
+
c →J/ΨD
∗+
s )
BR(B+c →J/ΨD
+
s )
and BR(B
+
c →J/ΨK
+)
BR(B+c →J/Ψpi+)
are in good agreement with the data. A large trans-
verse polarization fraction which can reach 48% is predicted in B+c → J/ΨD∗+s decay,
which is consistent with the data. We find a possible direct CP violation in Bc → J/ψD∗
decays, which are helpful to test the CP violating effects in Bc decays.
PACS numbers: 13.25.Hw, 12.38.Bx, 14.40.Nd
∗Electronic address: zhourui@heuu.edu.cn
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I. INTRODUCTION
Since the first discovery of the Bc meson by the CDF collaboration at Tevatron
in 1998 through the semileptonic modes Bc → J/ψ(µ+µ−)l+X(l = e, µ)[1], it has
aroused a great deal of interest in studying Bc physics experimentally. Subsequent
measurements of its mass and lifttime in different detectors via the two processes
B+c → J/ψl+νl [2, 3] and B+c → J/ψπ+ [4, 5] have opened new windows for the anal-
ysis of the dynamics involved in the Bc decays. At the current level accuracy, around
5× 1010 Bc events are expected to be produced each year [6]. Up to now, the LHCb
collaboration has measured the Bc mass with 6273 ± 1.3(stat) ± 1.6(syst)MeV/c2
[7] and some new channels, such as B+c → J/ψπ+π−π+ [8], B+c → J/ψK+ [9],
B+c → ψ(2S)π+ [10], B+c → J/ψD(∗)+s [11], B+c → J/ψK+K−π+ [12],B+c → B0sπ+
[13], and B+c → J/ψ3π+2π− [14] for the first time. We can see all of the observed
processes involving the J/ψ final state, due to the narrow peak of J/ψ and the high
purity of J/ψ → l+l−, the decay modes containing the signal of J/ψ meson are
among the most easily reconstructible Bc decay modes. One should expect that, in
the following years, more and more charmonium decay modes of Bc meson will be
measured with good precision in the LHCb experiments.
Compared with the Bu,d,s mesons, the Bc meson is of special interest. Being the
ground state of two heavy quarks of different flavors (b¯ and c ), Bc decays via weak
interaction only, while the strong and electromagnetic annihilation processes are
forbidden. Since both of the two quarks are heavy, each of them can decay with the
other as a spectator, the Bc meson have much shorter lifetime than other b-flavored
mesons [15], pointing to the important role of the c quark in Bc decays. It has rich
decay channels, and provides a very good place to study nonleptonic weak decays of
heavy mesons, to test the standard model and to search for any new physics signals
[16].
Theoretically, many hadronic Bc decay modes have been studied by various the-
oretical approaches. The perturbative QCD approach (pQCD)[17] is one of the
recently developed theoretical tools based on QCD to deal with the nonleptonic B
decays. Utilizing the kT factorization instead of collinear factorization, this approach
is free of end-point singularity. Thus the Feynman diagrams, including factorizable,
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nonfactorizable, and annihilation type, are all calculable. Up to now, the pure
annihilation type of charmless Bc → PP, PV, V V, AV,AA,AP, SP, SV decays [18–
24] and the charm decays of Bc → D(∗)(s)(P, V, T,D(∗)(s)) [25–29] have been studied
systematically in the pQCD approach, where the term P, V, A, S, T refers to the
pesudoscalar, vector, axial-vector, scalar and tensor charmless mesons, respectively.
In the present paper, we extend our pQCD analysis to the S-wave ground state
charmonium decays of the Bc meson. The Bc → J/ψ(ηc)π [30], Bc → J/ψK
[31] decays have been studied in pQCD, compared to which the new ingredients
of this paper are: (1) we updated the Cabibbo-Kobayashi-Maskawa (CKM) matrix
elements and some input hadronic parameters according to the Particle Data Group
2012 [32]; (2)we have included the intrinsic b ( the conjugate space coordinate of
the parton transverse momentum kT ) dependence for the Bc meson wave function,
because it is observed that the intrinsic b dependence in the heavy meson wave
functions is important [33]; (3) not only the Bc → J/ψ(ηc), π(K) decays, but Bc →
(J/ψ, ηc)(π,K,K
∗, ρ,D
(∗)
(s)) are investigated. In addition, a comprehensive study of
these processes, which have been studied in the QCD coupling [34], the relativistic
quark model [35], the covariant light-front quark model [38] and so on, is still lacking
in pQCD. Our aim is to fill in this gap and provide a ready reference to the existing
and forthcoming experiments to compare their data with the predictions in the
pQCD approach. It will be shown that the obtained ratios of the branching ratios
and polarization fractions are all in consistency with the existing data.
In the Bc rest frame, since both of the constituents (c, b¯) are heavy, they are
almost at rest relative to each other. The Bc meson can be approximated as a
nonrelativistic quarkonium system [36, 37]. In this sense the charm quark mass,
which is considerably larger than the QCD scale, provides an intrinsic physical
infrared regulator. The dynamics at this scale is still calculable perturbatively [36].
In the pQCD framework, since the spectator charm quark is almost at rest, a hard
gluon is needed to transfer energy to make it a collinear quark into the final state
meson. Meanwhile, the heavy charm mass will bring another expansion series of
mc/mBc ∼ 0.2. In fact, the factorization theorem is applicable to the Bc system
similar to the situation of the B meson [23] in the leading order of this expansion.
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For the decays with a heavy charmonium and a light meson in the final states, since
the emitted meson is a light meson, the factorization could be proved in the soft-
collinear effective theory to all orders of the strong coupling constant in the heavy
quark limit [38, 39]. For the decays with a heavy charmonium and a charm meson
in the final states, both the charmonium and charm meson can emit from the weak
vertex, which is similar to the double charm decays of the Bc meson [28]. The proof
of factorization here is thus trivial. In fact, this type of process in B meson decays
has been studied in the pQCD approach successfully [40].
Our paper is organized as follows: We review the pQCD factorization approach
and then perform the perturbative calculations for these considered decay channels
in Sec.II. The numerical results and discussions on the observables are given in
Sec.III. The final section is devoted to our conclusions. Some details of related
functions and the decay amplitudes are given in the Appendix.
II. FRAMEWORK AND WAVE FUNCTION
At the quark level, the considered processes are characterized by the b¯ → c¯qq¯′
transition, with q = u, c and q¯′ = d¯, s¯. In the rest frame of the Bc meson, the
spectator c quark is almost at rest due to the heavy mass. Therefore, a hard gluon
is then needed to transform the c quark into a collinear object in the final charmo-
nium or charmed meson. This makes the perturbative calculations into a six-quark
interaction. These perturbative calculations meet end-point singularity in dealing
with the meson distribution amplitudes at the end point. We take back the parton
transverse momentum kT to regulate this divergence. In the pQCD approach, the
decay amplitude can be written as the following factorizing formula [41],
C(t)⊗H(x, t)⊗ Φ(x)⊗ exp[−s(P, b)− 2
∫ t
1/b
dµ
µ
γq(αs(µ))], (1)
where C(t) is Wilson coefficient of the four-quark operator with the QCD radiative
corrections. t is chosen as the largest energy scale in the hard part, in order to
lower the largest logarithm. The term exp[−s(P, b)] [42], the so-called Sudakov
factor, results from summing up double logarithms caused by collinear divergence
and soft divergence, with P denoting the dominant light-cone component of meson
4
momentum. γq = −αs/π is the quark anomalous dimension. The hard part H(x, t)
can be perturbatively calculated including all possible Feynman diagrams without
end-point singularity, such as factorizable, nonfactorizable and annihilation-type
diagrams. The wave function Φ(x), which describes hadronization of the quark and
antiquark to the meson, is not calculable and treated as nonperturbative inputs.
The meson wave function absorbs nonperturbative dynamics of the process, which
is process independent. Using the wave functions determined from other well-
measured processes, one can make quantitative predictions here. Similar to the
situation of B meson, for Bc meson, one of the dominant Lorentz structure is con-
sidered in the numerical calculations, while the contribution induced by the other
Lorentz structures is negligible [43]. In the nonrelativistic limit, we use the same
distribution amplitude for Bc meson as those used in Refs. [27–29]
ΦBc(x) =
ifB
4Nc
[(/P +MBc)γ5δ(x−
mc
MBc
)] exp(−ω
2
Bb
2
2
), (2)
in which the last exponent term represents the kT dependence. The shape parameter
ωB = 0.60±0.05 GeV has been adopted in our previous analyses of the double charm
decays of Bc meson [28].
The two-particle light-cone distribution amplitudes of the D(s)/D
∗
(s) meson can
be written as [44]
〈D(s)(P2)|qα(z)c¯β(0)|0〉 = i√
2Nc
∫ 1
0
dxeixP2·z[γ5(/P2 +mD(s))φD(s)(x, b)]αβ ,
〈D∗(s)(P2)|qα(z)c¯β(0)|0〉 = −
1√
2Nc
∫ 1
0
dxeixP2·z[/ǫL(/P2 +mD∗
(s)
)φLD∗
(s)
(x, b)
+/ǫT (/P2 +mD∗
(s)
)φTD∗
(s)
(x, b)]αβ , (3)
with the normalization conditions:∫ 1
0
dxφD(s)(x, 0) =
fD(s)
2
√
2Nc
,
∫ 1
0
dxφLD∗
(s)
(x, 0) =
∫ 1
0
dxφTD∗
(s)
(x, 0) =
fD∗
(s)
2
√
2Nc
. (4)
Here we use fD∗
(s)
= fTD∗
(s)
in the calculation. The value of fD∗
(s)
is determined by the
following relations derived from HQET [45]:
fD∗
(s)
=
√
mD(s)
mD∗
(s)
fD(s). (5)
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The distribution amplitude φ
(L,T )
D
(∗)
(s)
is taken as [46]
φ
(L,T )
D
(∗)
(s)
=
3√
2Nc
f
D
(∗)
(s)
x(1− x)[1 + a
D
(∗)
(s)
(1− 2x)] exp(−
ω2D(s)b
2
2
). (6)
According to Ref. [47], we use aD = 0.5 ± 0.1, ωD = 0.1GeV for the D/D∗ meson
and aD = 0.4± 0.1, ωDs = 0.2GeV for the Ds/D∗s meson.
For the J/ψ(ηc) meson, in terms of the notation in Ref.[48], we decompose
the nonlocal matrix elements for the longitudinally and transversely polarized J/ψ
mesons and ηc into
〈J/ψ(P, ǫL)|c¯(z)αc(0)β|0〉 = 1√
2Nc
∫ 1
0
dxeixP ·z[mJ/ψ/ǫ
L
αβψ
L(x, b) + (/ǫL/P )αβψ
t(x, b)],
〈J/ψ(P, ǫT )|c¯(z)αc(0)β|0〉 = 1√
2Nc
∫ 1
0
dxeixP ·z[mJ/ψ/ǫ
T
αβψ
V (x, b) + (/ǫT/P )αβψ
T (x, b)],
〈ηc(P )|c¯(z)αc(0)β|0〉 = − i√
2Nc
∫ 1
0
dxeixP ·z[(γ5/P )αβψ
v(x, b) +mηc(γ5)αβψ
s(x, b)],
(7)
respectively. ψL, ψT and ψv denote for the twist-2 distribution amplitudes, while
ψt, ψV and ψs for the twist-3 distribution amplitudes. x represents the momentum
fraction of the charm quark inside the charmonium. In order to include the intrinsic
b dependence for the J/ψ(ηc) meson wave function, we adopt the same model as
[30]. For the wave functions of light vector and pseudoscalar mesons, the same form
and parameters are adopted as [27] and one is referred to the original literature [49].
A. Bc → (J/ψ, ηc)(P, V ) decays
The effective Hamiltonian for these modes can be written as
Heff = GF√
2
V ∗cbVud(s)(C1(µ)O1(µ) + C2(µ)O2(µ)), (8)
with V ∗cb and Vud(s) the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements,
C1,2(µ) the perturbatively calculable Wilson coefficients, and O1,2(µ) the effective
four-quark operators; their expressions are
O1(µ) = b¯αγ
µ(1− γ5)cβ ⊗ u¯βγµ(1− γ5)q′α,
O2(µ) = b¯αγ
µ(1− γ5)cα ⊗ u¯βγµ(1− γ5)q′β, (9)
6
P/V
b¯
c c
c¯
ud¯/s¯
ηc(J/ψ)
(a) (b)
(c) (d)
FIG. 1: Feynman diagrams for Bc → (J/ψ, ηc)(P, V ) decays.
where α, β are color indices and the summation convention over repeated indices is
understood. Since the four quarks in the operators are different from each other,
there is no penguin contribution, and thus there is no CP violation. With the
effective Hamiltonian given above, the Feynman diagrams corresponding to the con-
cerned process are drawn in Fig.1 where the first two are of factorizable topology
contributing to the form factor of Bc → J/ψ(ηc); the last two diagrams are of
nonfactorizable topology. With the meson wave functions, Sudakov factors and
the six-quark hard subamplitude, after a straightforward calculation employing the
pQCD formalism of Eq.1, we can get the explicit expressions of the amplitude in
Fig.1, which are listed in Appendix A.
The total decay amplitude for the Bc → (J/ψ, ηc)(P, V ) can be given by
A(Bc → (J/ψ, ηc)(P, V )) = V ∗cbVud(s)[(C2 +
1
3
C1)Fe + C1Me]. (10)
Here, the wilson coefficients C1,2 are actually convoluted with the amplitudes Fe
and Me. Note that the Bc → J/ψV decays contain more amplitudes associated
with three different polarizations, one longitudinal and two transverse for the two
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vector mesons, possible. The amplitude can be decomposed as
A = AL +ANǫT2 · ǫT3 + iAT ǫαβρσnαvβǫTρ2 ǫTσ3 , (11)
where ǫT2 , ǫ
T
3 are the transverse polarization vectors for the two vector mesons, re-
spectively. AL corresponds to the contributions of longitudinal polarization; AN
and AT corresponds to the contributions of normal and transverse polarization, re-
spectively, and the total amplitudes AL,N,T have the same structures as Eq.(10).
The factorization formulas for the longitudinal, normal and transverse polarizations
are all listed in Appendix AA.
B. Bc → (J/ψ, ηc)D(∗)(s) decays
The effective Hamiltonian for the flavor-changing b→ q′ transition is given by
Heff = GF√
2
{(V ∗cbVcq′C1(µ)O1(µ) + C2(µ)O2(µ))− V ∗tbVtq′Σ10i=3Ci(µ)Oi(µ)} (12)
with q′ = d, s. The functions Qi(i = 1, 2, ..., 10) are the local four-quark operators:
1. tree operators
O1(µ) = b¯αγ
µ(1− γ5)cβ ⊗ c¯αγµ(1− γ5)q′β ,
O2(µ) = b¯αγ
µ(1− γ5)cα ⊗ c¯βγµ(1− γ5)q′β , (13)
2. QCD penguin operators
O3(µ) = b¯αγ
µ(1− γ5)q′α ⊗
∑
q
q¯βγµ(1− γ5)qβ,
O4(µ) = b¯αγ
µ(1− γ5)q′β ⊗
∑
q
q¯αγµ(1− γ5)qβ,
O5(µ) = b¯αγ
µ(1− γ5)q′α ⊗
∑
q
q¯βγµ(1 + γ5)qβ ,
O6(µ) = b¯αγ
µ(1− γ5)q′β ⊗
∑
q
q¯αγµ(1 + γ5)qβ , (14)
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3. electroweak penguin operators
O7(µ) =
3
2
b¯αγ
µ(1− γ5)q′α ⊗
∑
q
eq q¯βγµ(1 + γ5)qβ,
O8(µ) =
3
2
b¯αγ
µ(1− γ5)q′β ⊗
∑
q
eq q¯αγµ(1 + γ5)qβ,
O9(µ) =
3
2
b¯αγ
µ(1− γ5)q′α ⊗
∑
q
eq q¯βγµ(1− γ5)qβ ,
O10(µ) =
3
2
b¯αγ
µ(1− γ5)q′β ⊗
∑
q
eq q¯αγµ(1− γ5)qβ . (15)
The sum over q runs over the quark fields that are active at the scale µ = O(mb),
i.e. q = (u, d, s, c, b).
D
ηc(J/ψ)
b¯
c
cb¯(s¯)
FIG. 2: Color-favored diagrams contributing to the Feynman diagrams for Bc →
(J/ψ, ηc)D
(∗)
(s) decays.
There are 12 Feynman diagrams contributing to Bc → (J/ψ, ηc)D(∗)(s) decays at
leading order. They involve three types: color-favored diagrams (we mark this kind
of contribution with the subscript f ) shown in Fig.2, color-suppressed diagrams
(marked with s) shown in Fig.3 and annihilation diagrams (marked with a) shown in
Fig.4. Each type is classified into factorizable diagrams, where hard gluon connects
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ηc(J/ψ)
D
FIG. 3: Color-suppressed diagrams contributing to the Feynman diagrams for Bc →
(J/ψ, ηc)D
(∗)
(s) decays.
the quarks in the same meson, and nonfactorizable diagrams, where hard gluon
attaches the quarks in two different mesons. We also show the calculated formulas
of each diagram for different channels in Appendix A A. The total decay amplitude
for decay is given as
A(Bc → (J/ψ, ηc)D(∗)(s)) = V ∗cbVcd[(C2 +
1
3
C1)FLLf + C1MLLf +
(C1 +
1
3
C2)FLLs + C2MLLs + (C2 +
1
3
C1)FLLa + C1MLLa ]
−V ∗tbVtd[(C4 +
1
3
C3 + C10 +
1
3
C9)FLLf + (C3 + C9)MLLf
+(C3 +
1
3
C4 + C9 +
1
3
C10)FLLs + (C4 + C10)MLLs
+(C4 +
1
3
C3 + C10 +
1
3
C9)FLLa + (C3 + C9)MLLa
+(C6 +
1
3
C5 + C8 +
1
3
C7)FSPf + (C6 + C8)MSPs
+(C5 +
1
3
C6 + C7 +
1
3
C8)FLRs + (C5 + C7)MLRf
+(C6 +
1
3
C5 + C8 +
1
3
C7)FSPa + (C5 + C7)MLRa ]. (16)
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b¯c c c¯
c
d¯(s¯)
FIG. 4: Annihilation diagrams contributing to the Feynman diagrams for Bc →
(J/ψ, ηc)D
(∗)
(s) decays.
Note that the amplitude FSPf from the operators O5−8 vanishes when a vector
meson (D∗(s)) is emitted from the weak vertex, because neither the scalar nor
the pseudoscalar density gives contributions to the vector meson production, i.e.
〈D∗(s)|S + P |0〉 = 0.
III. NUMERICAL RESULTS
We now use the method previously illustrated to estimate the physical observables
(such as transiiton form factors, branching ratios, transverse polarization fractions
and direct CP violations) of the considered Bc decays. For numerical calculation,
some input parameters needed in the pQCD calculation are listed in Table I, while
the input wave functions and various parameters of the light vector and pseudoscalar
mesons are shown in the corresponding paper [27]. If not specified explicitly, we will
take their central values as the default input.
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TABLE I: The decay constants of mesons are from [28, 30], while other parameters are
adopted in PDG [32] in our numerical calculation.
Mass(GeV) MW = 80.399 MBc = 6.277 mb = 4.2 mc = 1.27 mJ/ψ = 3.097
mηc = 2.981 mD = 1.870 mD∗ = 2.010 mDs = 1.968 mD∗s = 2.112
CKM
|Vcb| = (40.9 ± 1.1) × 10−3 |Vud| = 0.97425 ± 0.00022 |Vus| = 0.2252 ± 0.0009
|Vub| = (4.15 ± 0.49) × 10−3 |Vcd| = 0.230 ± 0.011 |Vcs| = 1.006 ± 0.023
Decay constants(MeV) fBc = 489± 4± 3 fJ/ψ = 405± 14 fηc = 420± 50
fD = 206.7 ± 8.9 fDs = 257.5 ± 6.1
Lifetime τBc = 0.453 × 10−12s
A. Bc → ηc, J/ψ form factors
The diagrams (a) and (b) in Fig.1 give the contribution for Bc → ηc, J/ψ transi-
tion form factor at the maximally recoiling point (q2 = 0). Our predictions of the
form factors are collected in Table II compared with the results from other models.
The first kind of uncertainties is from the uncertainty in the hadronic parameters:
ωB = 0.60± 0.05 [28] for Bc meson and ω = 0.60± 0.1 [30]for J/ψ(ηc) meson, while
the second kind of uncertainties is from those in decay constants of the Bc meson
and the charmonium meson, which are given in Table I. We find both A
Bc→J/ψ
0 and
FBc→ηc0 decrease with increasing shape parameters ωB and ω. The former are more
sensitive to the shape parameters than the decays constants, while the latter is just
the reverse. Since the uncertainties from decay constant of ηc meson are large, the
relevant uncertainties to FBc→ηc0 are also large. We can see that the Bc → ηc, J/ψ
transition form factors are larger than those of Bc → D(∗)(s) in our previous study [28]
under the perturbative QCD approach. As it is well known, compared with the D
meson, the J/ψ(ηc) meson is heavier, and its velocity is lower in the rest frame of the
Bc meson. The overlap between the initial and final state wave functions becomes
larger, which certainly induces larger form factors.
The Bc → J/ψ, ηc transition form factors have been widely studied in many
theoretical frameworks, which are also collected in Table.II. Most of our results are
found to be comparable to those of [30, 50–54], whereas the form factor A
Bc→J/ψ
0
in Ref. [53] is typically smaller, which can be discriminated by the future LHC
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TABLE II: The form factors for FBc→ηc0 and A
Bc→J/ψ
0 at q
2 = 0 evaluated in the literature.
The uncertainties are from the hadronic parameters and the decay constants, respectively.
For comparison, we also cite the theoretical estimates of other models.
This work SDY[30]a Kiselev [50] IKP [51] WSL [52] HZ [53] DSV [54] EFG[35]
FBc→ηc0 0.72
+0.10+0.08
−0.08−0.09 0.66 ∼ 0.79 0.66 0.76 0.61 0.87 0.58 0.47
A
Bc→J/ψ
0 0.64
+0.08+0.02
−0.07−0.02 0.65 ∼ 0.77 0.60 0.69 0.53 0.27 0.58 0.40
aWe quote the result with the charmonium wave function for a harmonic-oscillator potential
TABLE III: Branching ratios (10−3) for Bc → (J/ψ, ηc)(P, V ), together with results from
other models. The errors for these entries correspond to the uncertainties in hadronic
shape parameters, from the decay constants, and the scale dependence, respectively.
Channels This work [34] [35] [56] [57] [58] [59] [60] [61]
B+c → J/ψK+ 0.19+0.04+0.02+0.02−0.04−0.02−0.01 0.22 0.05 0.16 0.11 0.13 0.11 0.07 0.08
B+c → J/ψK∗+ 0.48+0.09+0.04+0.05−0.08−0.03−0.03 0.43 0.10 0.35 0.22 0.28 0.09 0.2 0.18
B+c → ηcK+ 0.24+0.04+0.07+0.02−0.05−0.06−0.01 0.38 0.07 0.17 0.13 0.15 0.03 0.02 0.11
B+c → ηcK∗+ 0.57+0.10+0.11+0.06−0.08−0.09−0.03 0.77 0.11 0.31 0.20 0.25 0.06 0.04 0.18
B+c → J/ψpi+ 2.33+0.63+0.16+0.48−0.58−0.16−0.12 2.91 0.61 2.1 1.3 1.7 0.34 1.3 1.1
B+c → J/ψρ+ 8.20+1.49+0.58+0.50−1.28−0.56−0.62 8.08 1.6 6.5 4.0 4.9 1.8 3.7 3.1
B+c → ηcpi+ 2.98+0.84+0.75+0.52−0.79−0.67−0.14 5.19 0.85 2.2 2.0 1.9 0.34 0.26 1.4
B+c → ηcρ+ 9.83+1.38+2.48+1.74−1.29−2.20−0.47 14.5 2.1 5.9 4.2 4.5 1.06 0.67 3.3
experiments.
B. Branching ratios
The branching ratios in the Bc meson rest frame can be written as
BR(Bc → (J/ψ, ηc)D(∗)(s)) =
G2F τBc
32πMB
√
1− (rD − rJ/ψ(ηc))2
√
1− (rD + rJ/ψ(ηc))2|A|2,
BR(Bc → (J/ψ, ηc)(P, V )) = G
2
F τBc
32πMB
(1− r2J/ψ(ηc))|A|2, (17)
where the mass ratios ri and the decay amplitudes A for each channel have been
given explicitly in Appendix A. Our numerical results of branching ratios for Bc →
(J/ψ, ηc)(P, V ) and Bc → (J/ψ, ηc)D(∗)(s) decays are listed in Tables III and Table
13
TABLE IV: Branching ratios (10−3) for Bc → (J/ψ, ηc)D(∗)(s) , together with results from
other models. The errors for these entries correspond to the uncertainties in hadronic
shape parameters, from the decay constants, and the scale dependence, respectively.
Channels This work [56] [57] [58] [59] [60] [61] [62]
B+c → J/ψD+ 0.28+0.04+0.02+0.06−0.04−0.02−0.02 0.009 0.09 0.15 0.04 0.13 0.09 0.09
B+c → J/ψD∗+ 0.67+0.11+0.05+0.15−0.09−0.05−0.05 - 0.28 0.45 0.18 0.19 0.28 0.28
B+c → ηcD+ 0.44+0.07+0.11+0.07−0.06−0.09−0.03 0.012 0.15 0.19 0.06 0.05 0.14 0.10
B+c → ηcD∗+ 0.58+0.10+0.15+0.11−0.08−0.13−0.04 0.010 0.10 0.19 0.07 0.02 0.13 0.10
B+c → J/ψD+s 8.05+1.39+0.57+1.66−1.18−0.54−0.36 0.41 1.7 3.4 1.15 3.4 1.5 2.2
B+c → J/ψD∗+s 20.45+4.35+1.44+4.50−4.05−1.39−3.00 - 6.7 9.7 4.4 5.9 5.5 6.0
B+c → ηcD+s 12.32+2.06+3.11+2.03−1.79−2.76−1.01 0.54 2.8 4.4 1.79 5 2.6 2.5
B+c → ηcD∗+s 16.54+2.72+4.17+3.09−2.34−3.70−1.70 0.44 2.7 3.7 1.49 0.38 2.4 2.0
IV, respectively. The first two errors are the same as for form factors in Table II,
while the third error arises from the hard scale t varying from 0.75t to 1.25t, which
characterizes the size of next-to-leading order (NLO) QCD contributions. We can see
the branching ratios are sensitive to the choice of the hadronic parameters ωB and ω,
the combined uncertainties from them are about 20%. In addtion, the uncertainties
from the decay constants except for fηc are small. However, for Bc → (J/ψ, ηc)D(∗)(s)
decays, the uncertainties from the hard scale t is large as shown in Table IV, which
means the next-to-leading order contributions may be important for this decay mode.
It reflects that the energy release in this type decay may be low for pQCD to play.
The similar situation also exists in Bc → BP,BV [55] and B → (J/ψ, ηc)D(∗) [40]
decays. In a recent paper [34], the authors have performed the Bc meson exclusive
decays to S-wave charmonia and light pseudoscalar or vector mesons at the next-
to-leading order (NLO) in the QCD coupling. The NLO corrections to Bc decays
under the pQCD framework are still missing, thus beyond the scope of this paper.
From Tables III and IV, we can see the former four processes have a relatively small
branching ratio (10−4) owing to the CKM factor suppression, while the branching
ratios of other processes are comparatively large (10−3 ∼ 10−2) due to the CKM
factor enhancement. The large branching ratio and the clear signals of the final
states make their measurement easy at the LHCb experiments.
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For comparison, we also cite other theoretical results [34, 35, 56–62] for the con-
sidered decays in Tables III and IV. In general, the results of the various model
calculations are of the same order of magnitude for most channels, while our pre-
dictions are larger than those of other approaches. The difference may due to at
least two reasons: First, the calculations in Refs.[35, 56–62] use the same naive fac-
torization approximation in which the form factors are important input parameters,
smaller form factors always result in the smaller branching ratios. Second, in pQCD
framework, the nonfactorizable contribution is considered, which is absent in tradi-
tional naive factorization. A constructive interference between the nonfactorizable
contribution and the factorizable contribution will enhance our results. From Ta-
ble. III, we can see that our predicted branching ratios are comparable with [34]
which also include the nonfactorizable contribution. Since the charmonium decays
dominate to the b → c, u induced Bc decays, summing up all the branching ratios
in Tables III and IV one obtains a total branching ratio of 10% which has to be
compared with the 20% expected for the b→ c, u contribution to the total rate [16],
this leaves plenty of room for the Bc meson to charmonium semileptonic, excited
charmonuim meson and nonresonant multibody decays.
The two decays Bc → J/ψπ, J/ψK have identical topology and similar kinematic
properties, as shown in Fig. 1. In the limit of SU(3) flavor symmetry, the ratio of
branching fractions BR(Bc → J/ψK)/BR(Bc → J/ψπ) is dominated by the ratio of
the relevant CKM matrix elements |Vus/Vud|2. After including the decay constants
fK(pi), the ratio is enhanced. With the input parameters in Table I, the expected
ratio is 0.080, which is very close to our prediction 0.082. It means that the dominant
contributions to the branching ratios come from the factorizable topology, while the
nonfactorizable contribution is suppressed by the Wilson coefficient C1 (see Eq.10).
Recently, the LHCb collaboration has measured this ratio to be 0.069±0.019±0.005
which is compatible with our pQCD prediction. For Bc → ηcπ, ηcK decays, our
result of BR(Bc → ηcK)/BR(Bc → ηcπ) is 0.081, which will be tested by the
forthcoming experiments.
Due to mJ/ψ > mηc and the orbital angular momentum of the final states J/ψM
are larger than that of ηcM , the phase space for Bc → J/ψM decay is tighter than
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that for Bc → ηcM decay. Therefore, with the same input, the branching ratios for
Bc → J/ψM and Bc → ηcM decays have the following hierarchy
BR(Bc → J/ψM) < BR(Bc → ηcM). (18)
However, for Bc → J/ψD∗(s) decays, the transverse polarization amplitude con-
tributes to the branching ratio as large as the longitudinal polarization amplitude,
which spoils the hierarchy relation in Eq.18.
It may be noted that the Bc → (J/ψ, ηc)D(∗)(s) decays involve contributions from
the color-favored, color-suppressed and weak annihilation diagrams. It is expected
that the color-favored factorizable amplitude FLLf dominates in Eq.16. The color-
suppressed nonfactorizable amplitudeMLLs and the annihilation amplitude FLLa , are
enhanced by the large Wilson coefficient C2 and C2+
1
3
C1, respectively. However, the
contribution from FLLa are highly power suppressed due to a big cancellation between
the first two factorizable annihilation diagrams in Fig. 4. Our numerical analysis
shows that (C2+
1
3
C1)FLLa /(C2+ 13C1)FLLf ∼ 1% and C2MLLs /(C2+ 13C1)FLLf ∼ 10%.
The interferences between FLLf and MLLs are constructive, while, the existing ex-
perimental data favor constructive interference in the B meson decays [63]. The
predicted branching ratios of these modes would provide an interesting test of inter-
ference between the color-favored and color-suppressed Bc decays. Experimentally,
the available measurements of the considered Bc decay are as follows [11]
BR(Bc → J/ψDs)
BR(Bc → J/ψπ) = 2.90± 0.57± 0.24,
BR(Bc → J/ψD∗s)
BR(Bc → J/ψDs) = 2.37± 0.56± 0.10, (19)
which is consistent with our predictions,
BR(Bc → J/ψDs)
BR(Bc → J/ψπ) = 3.45
+0.49
−0.17,
BR(Bc → J/ψD∗s)
BR(Bc → J/ψDs) = 2.54
+0.07
−0.21. (20)
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C. Transverse polarization fractions
For the Bc decays to two vector mesons, the decay amplitudes A are defined in
the helicity basis
A =
∑
i=0,+,−
|Ai|2, (21)
where the helicity amplitudes Ai have the following relationships with AL,N,T
A0 = AL, A± = AN ±AT . (22)
We also calculate the transverse polarization fractions RT of the Bc →
J/ψ(ρ,K∗, D∗(s)) decays, with the definition given by
RT = |A+|
2 + |A−|2
|A0|2 + |A+|2 + |A−|2 . (23)
According to the power counting rules in the factorization assumption, the longitudi-
nal polarization dominates the decay ratios and the transverse polarizations are sup-
pressed [64] due to the helicity flips of the quark in the final state hadrons. Our pre-
dictions for the transverse polarization fractions of the tree-dominated Bc → J/ψV
decays are given in Table V. These results have the following pattern
RT (J/ψρ) < RT (J/ψK∗) < RT (J/ψD∗) < RT (J/ψD∗s). (24)
It can be simply understood by means of kinematics in the heavy-quark limit. The
transverse polarization fractions RT of the Bc → J/ψ(ρ,K∗, D∗, D∗s) modes increase
as the masses of the mesons ρ,K∗, D∗, D∗s emitted from the weak vertex increase.
This is similar to the case of B0 → (ρ+, D∗+, D∗+s )D∗− and B+ → (ρ+, D∗+, D∗+s )ρ0
[65]. From Table V, the modes Bc → J/ψ(ρ,K∗) are indeed longitudinal polarization
dominant, since the two transverse amplitudes are down by a power of rJ/ψ or rv com-
paring with the longitudinal amplitudes. However, for Bc → J/ψD∗, J/ψD∗s decays,
the transverse polarization fractions can reach 46% and 48%, respectively. Several
reasons are given in order. First, the mass ratio rD for D
∗ meson is about 2-3 times
larger than the rv for light vector meson, which enhances the color-favored transverse
amplitude FLL,Tf and the normal amplitude FLL,Nf . Second, the annihilation contri-
bution of operator O6 (FSP,N(T )a ) is chirally enhanced in pQCD approach [66]. Third,
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TABLE V: The transverse polarizations fractions (%) for Bc → V V , together with results
from RCQM [59]. The errors correspond to the combined uncertainty in the hadronic
parameters, decay constants and the hard scale.
Channels Bc → J/ψρ Bc → J/ψK∗ Bc → J/ψD∗ Bc → J/ψD∗s
This work 8+2
−1 10
+1
−1 46
+4
−3 48
+4
−4
RIQM [59] 7 10 41 43
the transverse polarization of the nonfactorizable color-suppressed diagrams in Figs.
3(c) and 3(d) does not encounter helicity flip suppression [28]. The combined effect
above enhances the transverse polarization fractions of the Bc → J/ψD∗(s) decays.
Therefore, the above predictions on the transverse polarization fractions are reason-
able in pQCD framework and comparable with the relativistic independent quark
model (RIQM) [59]. The measurement of polarization fraction for Bc → J/ψD∗s
decay by the LHCb measurement [11] is
RT (J/ψD∗s) = (52± 20)%, (25)
which is in good agreement with our result, while other predictions can be tested
by the future data.
D. The direct CP asymmetries
Since there is only one kind of CKM phase involved in Bc decaying into char-
monium and a light meson process, there should be no CP violation within the
standard model. When the final states are charmonium and charmed meson, the
CP asymmetries arise from the interference between the penguin diagrams and tree
diagrams. The direct CP asymmetry AdirCP for a given mode can be written as
AdirCP =
|A|2 − |A¯|2
|A|2 + |A¯|2 , (26)
where A¯ is the charge conjugate decay amplitude of A, which can be obtained by
conjugating the CKM elements in A. The direct CP asymmetry is tabulated in
Table VI compared with the results from the Salpeter method [62]. Unlike the
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TABLE VI: The direct CP asymmetry parameters (10−3) for Bc → (J/ψ, ηc)D(∗)(s) , together
with results from the Salpeter method [62]. The errors arises from the hard scale t.
Final stats J/ψD J/ψD∗ J/ψDs J/ψD
∗
s ηcD ηcD
∗ ηcDs ηcD
∗
s
This work 1.5+0.6
−0.7 12.7
+4.0
−3.1 0.1
+0.1
−0.1 0.7
+0.2
−0.1 −4.3+1.5−2.0 −2.4+0.2−0.2 −0.2+0.1−0.1 −0.1+0.03−0.05
[62] 2.56 16.9 −0.151 −0.972 46.6 16.8 −2.69 −0.965
branching ratios, the direct CP asymmetry is not sensitive to the wave function
parameters and CKM factors, since these parameter dependences canceled out in
Eq. (26). In addition, the CKM angles (γ) uncertainty is quite small (∼ 1%).
Therefore, the theoretical error here is only referred to as the hard scale t. It can
be seen our predictions on direct CP asymmetry parameters of Bc → ηcD(∗)(s) are
negative, while the direct CP asymmetry parameter of the other modes is positive.
The direct CP asymmetry parameters of the processes with a D meson in the final
state are generally larger than those with a Ds meson, since in the former processes
the penguin diagram contributions are enhanced by the ratio
V ∗
tb
Vtd
V ∗
cb
Vcd
= 7.9, while
in the latter processes,
V ∗
tb
Vts
V ∗
cb
Vcs
= 0.9. However, the penguin amplitudes are still
suppressed by the small Wilson coefficients from penguin operators in both of the
two types of mode, our predictions on direct CP asymmetries are typically smaller
in magnitude than [62] . From Tables IV and VI, it is easy to see that the decay
Bc ⇀ J/ψD
∗ is helpful to test the CP violating effects due to its large branching
ratio and CP asymmetry.
IV. CONCLUSION
In the pQCD framework, we have performed a systematic analysis of the two-
body nonleptonic decays of the Bc meson with the final states involving one J/ψ(ηc)
meson. Besides the color-favored emission diagrams, the nonfactorizable diagrams
and the annihilation diagrams can also be evaluated in this approach. It is found
that the predicted branching ratios range from 10−4 up to 10−2, which are easily
measured by the running LHCb in the near future. Our predictions for the ratios of
branching fractions BR(B
+
c →J/ΨD
+
s )
BR(B+c →J/Ψpi+)
,BR(B
+
c →J/ΨD
∗+
s )
BR(B+c →J/ΨD
+
s )
and BR(B
+
c →J/ΨK
+)
BR(B+c →J/Ψpi+)
can explain
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the data perfectly. We also have compared our results with the results of other stud-
ies. In general the results of the various model calculations are of the same order
of magnitude while they can differ by factors of 10 for specific decay modes. In Bc
decaying into one charmonium and one charmed meson process, the CP violation
arises from the interference between the tree diagrams and the penguin diagrams.
We found the direct CP asymmetries of Bc ⇀ J/ψD
∗ decays are somewhat large
since the penguin diagrams contributions are enhanced by the CKM factor, which
are helpful to test the CP violating effects. We also find that the transverse polar-
ization contributions in Bc → J/ψD∗, J/ψD∗s decays, which mainly come from the
factorizable color-favored diagrams, the nonfactorizable color-suppressed diagrams
and the chirally enhanced annihilation diagrams, are large.
We also discussed theoretical uncertainties arising from the hadronic parameters,
decay constants and hard scale. The errors in Table III are dominant by the un-
certainties from the hadronic parameters, while in Table IV, the uncertainties from
the hard scale are as large as the hadronic parameters due to the included penguin
diagram and annihilation diagram. Furthermore, the direct CP asymmetries in Ta-
ble VI are very sensitive to the scale. These may suggest that further studies at the
NLO level are required to improve the accuracy of the theoretical predictions on the
charmonium decays of Bc meson.
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Appendix A: the decay amplitudes
1. Factorization formulas for Bc → ηcρ, ηcK∗
The decay amplitude of factorizable diagrams in Figs.1(a) and (b) is
Fe = 2
√
2
3
CFfBfvπM
4
B
√
1− r2ηc
∫ 1
0
dx2
∫
∞
0
b1b2db1db2 exp(−ω
2
Bb
2
1
2
)
{[ψs(x2, b2) (rb − 2x2) rηc + ψν(x2, b2) (x2 − 2rb)]Eab(ta)h(αe, βa, b1, b2)St(x2)
−[ψν(x2, b2)
(
rc + r
2
ηc
)− 2ψs(x2, b2)rηc ]Eab(tb)h(αe, βb, b2, b1)St(x1)]}, (A1)
with ri = mi/MB(i = b, c, ηc, J/ψ,D, v) where mi are the masses of quark or meson;
CF = 4/3 is a color factor; fv is the decay constant of the vector meson, emitted from
the weak vertex. The factorization scales ta,b are chosen as the maximal virtuality of
internal particles in the hard amplitude. The function h and Eab(t) are displayed in
Appendix B. The factor St(x) is the jet function from the threshold resummation,
whose definitions can be found in [25]. The terms proportional to r2D and rcrD have
been neglected for small values.
The formula for nonfactorizable in diagrams Fig.1(c) and (d) is
Me = −8
3
CFfBπM
4
B
√
1− r2ηc
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φ
A
p (x3) exp(−ω2B
b21
2
)
{[ψν(x2, b1)
(
(x1 + 2x2 + x3 − 2) r2ηc + x1 − x3
)− (x1 + x2 − 1)ψs(x2, b1)rηc ]
Ecd(tc)h(βc, αe, b3, b1) + [(x1 + x2 − 1)ψs(x2, b1)rηc
+ψν(x2, b1)
(
(x3 − x2)r2ηc − 2x1 − x2 − x3 + 2
)
]Ecd(td)h(βd, αe, b3, b1)}.
(A2)
where
αe = [x1 + r
2
ηc(x2 − 1)][x1 + x2 − 1 + r2v(1− x2)]M2B,
βa = [r
2
b + (1 + r
2
ηc(x2 − 1))(x2 − r2v(x2 − 1))]M2B,
βb = [r
2
c + (r
2
ηc − x1)(x1 − 1 + r2v)]M2B,
βc = [x1 + x2 − 1 + r2v(1− x2 − x3)][x3 − x1 − r2ηc(x2 + x3 − 1)]M2B,
βd = [x1 + x2 − 1− r2v(x2 − x3)][1 − x1 − x3 − r2ηc(x2 − x3)]M2B. (A3)
The corresponding formula for Bc → ηcπ, ηcK is similar to Eqs.(A1) and (A2),
but with the replacement fv → fp, φv → φAP .
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2. Factorization formulas for Bc → J/ψρ, J/ψK∗
We mark L, N and T to denote the contributions from longitudinal polarization,
normal polarization and transverse polarization, respectively:
FLe = = 2
√
2
3
CFfBfvπM
4
B
√
1− r2J/ψ
∫ 1
0
dx2
∫
∞
0
b1b2db1db2 exp(−ω
2
Bb
2
1
2
)
{[rJ/ψψt(x2, b2) (rb − 2x2) + ψL(x2, b2) (x2 − 2rb)]Eab(ta)h(αe, βa, b1, b2)St(x2)]
−ψL(x2, b2)[r2J/ψ + rc]Eab(tb)h(αe, βb, b2, b1)St(x1)]}, (A4)
MLe = −
8
3
CFfBπM
4
B
√
1− r2J/ψ
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φ
A
p (x3) exp(−ω2B
b21
2
)×
{[ψL(x2, b1)(r2J/ψ − 1) (x1 − x3)− rJ/ψ (x1 + x2 − 1)ψt(x2, b1)]
Ecd(tc)h(βc, αe, b3, b1) + [rJ/ψ (x1 + x2 − 1)ψt(x2, b1)−
ΨL(x2, b1)
(
r2J/ψ (x2 − x3) + 2x1 + x2 + x3 − 2
)
]Ecd(td)h(βd, αe, b3, b1)},(A5)
FNe = 2
√
2
3
CFfBfvπM
4
Brv
∫ 1
0
dx2
∫
∞
0
b1b2db1db2 exp(−ω
2
Bb
2
1
2
)
{[rJ/ψψT (x2, b2) (−4rb + x2 + 1) + (rb − 2)ψV (x2, b2)]Eab(ta)h(αe, βa, b1, b2)St(x2)]
+ψT (x2, b2)[rJ/ψ (x1 − 1)]Eab(tb)h(αe, βb, b2, b1)St(x1)]},
(A6)
FTe = −2
√
2
3
CFfBfvπM
4
Brv
∫ 1
0
dx2
∫
∞
0
b1b2db1db2 exp(−ω
2
Bb
2
1
2
)
{[(rb − 2)ψV (x2, b2)− rJ/ψ (x2 − 1)ψT (x2, b2)]Eab(ta)h(αe, βa, b1, b2)St(x2)]
−ψT (x2, b2)[rJ/ψ (x1 − 1)]Eab(tb)h(αe, βb, b2, b1)St(x1)]},
(A7)
MNe = −
8
3
CFfBπM
4
Brv
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φv(x3) exp(−ω2B
b21
2
)×
{[2rJ/ψ (x2 + x3 − 1)ψT (x2, b1)φaV (x3) + (x3 − x1)ψV (x2, b1)φνV (x3)]
Ecd(tc)h(βc, αe, b3, b1)− [2rJ/ψψT (x2, b1) ((x2 − x3)φaV (x3)
− (x2 + x3 − 2)φνV (x3)) + (x1 + x3 − 1)ψV (x2, b1) (4φaV (x3) + φνV (x3))]
Ecd(td)h(βd, αe, b3, b1)}, (A8)
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MTe =
8
3
CFfBπM
4
Brv
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φv(x3) exp(−ω2B
b21
2
)×
{[2rJ/ψ (x2 − x3 − 1)ψT (x2, b1)φaV (x3) + (x3 − x1)ψV (x2, b1)φνV (x3)]
Ecd(tc)h(βc, αe, b3, b1) + [2rJ/ψψ
T (x2, b1) (x2 − x3)φaV (x3) +
(x1 + x3 − 1)ψV (x2, b1) (4φaV (x3) + φνV (x3))]Ecd(td)h(βd, αe, b3, b1)}.(A9)
where the expression of βa,b,c,d and αe is the similar to that of Eq. (A3), but with
the replacement rηc → rJ/ψ. For Bc → J/ψπ, J/ψK decays, only the longitudi-
nal polarization of J/ψ will contribute. We can obtain their amplitudes from the
longitudinal polarization amplitudes for the Bc → J/ψρ, J/ψK∗ decays with the
replacement fv → fp, φv → φAP .
3. Factorization formulas for Bc → ηcD(s)
We mark LL, LR, and SP to denote the contributions from (V −A)⊗ (V −A),
(V −A)⊗ (V + A) and (S − P )⊗ (S + P ) operators, respectively:
FLLf = 2
√
2
3(1− r2ηc)
πM4fBCffD
∫ 1
0
dx2
∫
∞
0
b1b2db1db2 exp(−ω
2
Bb
2
1
2
)
{[ψs(x2, b2) (rb − 2x2) rηc + ψv(x2, b2) (2rb − x2)
(
r2ηc − 1
)
]
Eab(ta)h(αe, βa, b1, b2)St(x2)] + [ψ
v(x2, b2)
(
r2ηc + rc
)− 2ψs(x2, b2)rηc ]
Eab(tb)h(αe, βb, b2, b1)St(x1)]}, (A10)
MLLf =
8πM4fBCf
3
√
1− r2ηc
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x3, b3) exp(−ω2B
b21
2
)
{[ψs(x2, b1)rηc (rc + x2 − 1) + ψv(x2, b1)
(
x3 − x1 − 2 (x2 + x3 − 1) r2ηc
)
]
Ecd(tc)h(βc, αe, b3, b1) + [−ψs(x2, b1)rηc (rc + x2 − 1) + ψv(x2, b1)(−2 (x3 − 1) r2ηc + 2rc + x2 + x3 − 2)]Ecd(td)h(βd, αe, b3, b1)}, (A11)
FLLa = 8πM4fBCf
∫ 1
0
dx2dx3
∫
∞
0
b2b3db2db3φD(x3, b3)
{[ψv(x2, b2)
(
(2x3 − 1) r2ηc − x3 + 1
)− 2rηc(rc + (x3 − 2)rD)ψs(x2, b2)]
Eef(te)h(αa, βe, b2, b3)− [2 (x2 + 1) rDψs(x2, b2)rηc − x2ψv(x2, b2)
(
r2ηc − 1
)
]
Eef(tf )h(αa, βf , b3, b2)}, (A12)
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MLLa =
8
3
πM4fBCf
∫ 1
0
dx2dx3
∫
∞
0
b1b2db1db2φD(x3, b2) exp(−ω2B
b21
2
)
{[x2ψv(x2, b2) + rDrηc(x2 − x3 + 1)ψs(x2, b2)]Egh(tg)h(βg, αa, b1, b2)
+[(rb
(
r2ηc − 1
)− 2 (x2 + x3 − 1) r2ηc − x1 + x3)ψv(x2, b2)
− (4rb + x2 − x3 − 1) rDrηcψs(x2, b2)]Egh(th)h(βh, αa, b1, b2)}, (A13)
FLLs = FLRs = −2
√
2
3
πM4fBCffηc
∫ 1
0
dx2
∫
∞
0
b1b2db1db2φD(x2, b2) exp(−ω
2
Bb
2
1
2
)
{[(2rb − 2x2 + 1) r2ηc + rD (rb − 2x2)− 2rb + x2]Eab(tas)h(αes, βas, b1, b2)
St(x2) + (rc − 2rD)Eab(tbs)h(αes, βbs, b2, b1)St(x1)]}, (A14)
MLLs =
8
3
πM4fBCf
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x2, b1)ψ
v(x3, b3) exp(−ω2B
b21
2
)
{[(x2 − 1) rD + x3 − x1]Ecd(tcs)h(βcs, αes, b3, b1)
+[−2 (x2 − 1) r2ηc + 2rc − (x2 − 1) rD + x2 + x3 − 2]
Ecd(tds)h(βds, αes, b3, b1)}, (A15)
MLRf =
8
3
πM4fBCfrD
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x3, b3) exp(−ω2B
b21
2
)×
{[− (x2 − x3 − 1)ψs(x2, b1)rηc + x3ψv(x2, b1)]Ecd(tc)h(βc, αe, b3, b1)
+[ψs(x2, b1)rηc (rc − (x3 + x2 − 2) rD) + ψv(x2, b1) (−rc + (x3 − 1) rD)]
Ecd(td)h(βd, αe, b3, b1)}. (A16)
MLRa = −
8
3
πM4fBCf
∫ 1
0
dx2dx3
∫
∞
0
b1b2db1db2φD(x3, b2) exp(−ω2B
b21
2
)×
{[(x3 − 1) rDψv(x2, b2)− ψs(x2, b2)rηc (2rc − x2)]Egh(tg)h(βg, αa, b1, b2)
−[rD (rb + x3)ψv(x2, b2)− ψs(x2, b2)rηc (rb − rc − x2 + 1)]
Egh(th)h(βh, αa, b1, b2)}. (A17)
MSPs =
8πM4fBCf
3
√
1− r2ηc
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x2, b1) exp(−ω2B
b21
2
)×
{ψv(x3, b3)[− (x2 − 1)
(
2r2ηc + rD − 1
)
+ 2rc − x3]
Ecd(tcs)h(βcs, αes, b3, b1)− [rcψs(x3, b3)rηc + ψv(x3, b3)
(− (x2 − 1) rD + x1 + x3 − 1)]Ecd(tds)h(βds, αes, b3, b1)}, (A18)
24
FSPa = −
16πM4fBCf√
1− r2ηc
∫ 1
0
dx2dx3
∫
∞
0
b2b3db2db3φD(x3, b3)×
{[ψv(x2, b2) (rc + (x3 − 1) rD)− 2ψs(x2, b2)rηc ]Eef (te)h(αa, βe, b2, b3)
−[x2rηcψs(x2, b2) + 2rDψv(x2, b2)]Eef(tf )h(αa, βf , b3, b2)}, (A19)
FSPf = −4
√
2
3
πM4fBCffDrD
∫ 1
0
dx2
∫
∞
0
b1b2db1db2 exp(−ω
2
Bb
2
1
2
)
{[(rb − 2)ψv(x2, b2)− ψs(x2, b2) (4rb − x2 − 1) rηc ]
Eab(ta)h(αe, βa, b1, b2)St(x2)]− 2ψs(x2, b2)rηc
Eab(tb)h(αe, βb, b2, b1)St(x1)]}, (A20)
where
αe = −[x1 + r2ηc(x2 − 1)][x1 + x2 − 1 + (1− x2)r2D]M2B,
αes = −[x1 + r2D(x2 − 1)][x1 + x2 − 1 + (1− x2)r2ηc ]M2B,
βa = [r
2
b − (1 + r2ηc(x2 − 1))(x2 − r2D(x2 − 1))]M2B,
βb = [r
2
c + (r
2
ηc − x1)(r2D + x1 − 1)]M2B,
βc = −[x1 + x2 − 1 + (1− x2 − x3)r2D][r2ηc(x2 + x3 − 1)− x3 + x1]M2B ,
βd = r
2
cM
2
B − [x1 + x2 − 1− (x2 − x3)r2D][x1 + x3 − 1 + r2ηc(x2 − x3)]M2B,
βas = [r
2
b − (1 + r2D(x2 − 1))(x2 − r2ηc(x2 − 1))]M2B,
βbs = [(r
2
D − x1)(r2ηc + x1 − 1)]M2B,
βcs = r
2
cM
2
B − [x1 + x2 − 1 + (1− x2 − x3)r2ηc ][r2D(x2 + x3 − 1)− x3 + x1]M2B,
βds = r
2
cM
2
B − [x1 + x2 − 1− (x2 − x3)r2ηc ][x1 + x3 − 1 + r2D(x2 − x3)]M2B,
αa = −[1− x3 + r2ηc(x2 + x3 − 1)][x2 − r2D(x2 + x3 − 1)]M2B,
βe = [r
2
c − (1 + (r2ηc − 1)x3)(1− r2Dx3)]M2B,
βf = [1 + r
2
ηc(x2 − 1)][x2 − r2D(x2 − 1)]M2B,
βg = r
2
cM
2
B − (r2ηc(1− x3 − x2) + x1 + x3 − 1)(r2D(x2 + x3 − 1) + x1 − x2)M2B,
βh = r
2
bM
2
B − (r2ηc(x2 + x3 − 1)− x3 + x1)(r2D(1− x2 − x3) + x1 + x2 − 1)M2B.
(A21)
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4. Factorization formulas for Bc → ηcD∗(s)
FLLf = 2
√
2
3(1− r2ηc)
πM4fBCffD
∫ 1
0
dx2
∫
∞
0
b1b2db1db2 exp(−ω
2
Bb
2
1
2
)
{[ψs(x2, b2) (rb − 2x2) rηc + ψv(x2, b2) (2rb − x2)
(
r2ηc − 1
)
]
Eab(ta)h(αe, βa, b1, b2)St(x2)] + [ψ
v(x2, b2)
(
r2ηc + rc
)− 2ψs(x2, b2)rηc ]
Eab(tb)h(αe, βb, b2, b1)St(x1)]}, (A22)
MLLf =
8πM4fBCf
3
√
1− r2ηc
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x3, b3) exp(−ω2B
b21
2
)
{[ψs(x2, b1)rηc (rc + x2 − 1) + ψv(x2, b1)
(
x3 − x1 − 2 (x2 + x3 − 1) r2ηc
)
]
Ecd(tc)h(βc, αe, b3, b1) + [−ψs(x2, b1)rηc (rc + x2 − 1) + ψv(x2, b1)(−2 (x2 + x3 − 1) r2ηc + 2rc + x2 + x3 − 2)]Ecd(td)h(βd, αe, b3, b1)}, (A23)
FLLa =
8πM4fBCf√
1− r2ηc
∫ 1
0
dx2dx3
∫
∞
0
b2b3db2db3φD(x3, b3)
{[ψv(x2, b2)
(
(2x3 − 1) r2ηc − x3 + 1
)− 2rηc(rc + x3rD)ψs(x2, b2)]Eef(te)
h(αa, βe, b2, b3)− x2ψv(x2, b2)(1− r2ηc)Eef(tf )h(αa, βf , b3, b2)}, (A24)
MLLa =
8πM4fBCf
3
√
1− r2ηc
∫ 1
0
dx2dx3
∫
∞
0
b1b2db1db2φD(x3, b2) exp(−ω2B
b21
2
)
{[x2ψv(x2, b2) + rDrηc(x2 + x3 − 1)ψs(x2, b2)]Egh(tg)h(βg, αa, b1, b2)
−[(rb
(
r2ηc − 1
)− 2 (x2 + x3 − 1) r2ηc + x3 − x1)ψv(x2, b2)
+ (x2 + x3 − 1) rDrηcψs(x2, b2)]Egh(th)h(βh, αa, b1, b2)}, (A25)
FLLs = FLRs = −2
√
2
3(1− r2ηc)
πM4fBCffηc
∫ 1
0
dx2
∫
∞
0
b1b2db1db2φD(x2, b2) exp(−ω
2
Bb
2
1
2
)
{[(2rb − 2x2 + 1) r2ηc + rD (rb − 2x2)− 2rb + x2]
Eab(tas)h(αes, βas, b1, b2)St(x2)− rcEab(tbs)h(αes, βbs, b2, b1)St(x1)]}, (A26)
MLLs = −
8πM4fBCf
3
√
1− r2ηc
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x2, b1)ψ
v(x3, b3) exp(−ω2B
b21
2
)
{[(x2 − 1) rD − x3 + x1]Ecd(tcs)h(βcs, αes, b3, b1)
−[−2 (x2 − 1) r2ηc + 2rc − (x2 − 1) rD + x2 + x3 − 2]
Ecd(tds)h(βds, αes, b3, b1)}, (A27)
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MLRf =
8πM4fBCfrD
3
√
1− r2ηc
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x3, b3) exp(−ω2B
b21
2
)×
{[(x2 + x3 − 1)ψs(x2, b1)rηc + x3ψv(x2, b1)]Ecd(tc)h(βc, αe, b3, b1)
−[ψs(x2, b1)rηc (rc + (x3 − x2) rD) + ψv(x2, b1) (rc + (x3 − 1) rD)]
Ecd(td)h(βd, αe, b3, b1)}. (A28)
MLRa = −
8πM4fBCf
3
√
1− r2ηc
∫ 1
0
dx2dx3
∫
∞
0
b1b2db1db2φD(x3, b2) exp(−ω2B
b21
2
)×
{[(x3 − 1) rDψv(x2, b2)− ψs(x2, b2)rηc (2rc − x2)]Egh(tg)h(βg, αa, b1, b2)
−[rD (rb + x3)ψv(x2, b2)− ψs(x2, b2)rηc (rb − rc − x2 + 1)]
Egh(th)h(βh, αa, b1, b2)}. (A29)
MSPs =
8πM4fBCf
3
√
1− r2ηc
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x2, b1) exp(−ω2B
b21
2
)×
{ψv(x3, b3)[− (x2 − 1)
(
2r2ηc + rD − 1
)
+ 2rc − x3]
Ecd(tcs)h(βcs, αes, b3, b1)− [rcψs(x3, b3)rηc + ψv(x3, b3)
((x2 − 1) rD + x1 + x3 − 1)]Ecd(tds)h(βds, αes, b3, b1)}, (A30)
FSPa = −
16πM4fBCf√
1− r2ηc
∫ 1
0
dx2dx3
∫
∞
0
b2b3db2db3φD(x3, b3)×
{[ψv(x2, b2) (rc − (x3 − 1) rD)− 2ψs(x2, b2)rηc ]
Eef (te)h(αa, βe, b2, b3)− x2rηcψs(x2, b2)Eef(tf)h(αa, βf , b3, b2)}, (A31)
where the expressions of β and α are the same as those of Eq. (A21).
5. Factorization formulas for Bc → J/ΨD(s)
FLLf = 2
√
2
3
πM4fBCffD
∫ 1
0
dx2
∫
∞
0
b1b2db1db2 exp(−ω
2
Bb
2
1
2
)
{[ψL(x2, b2)
(
r2J/ψ − 1
)
(2rb − x2) + rJ/ψψt(x2, b2) (rb − 2x2)]
Eab(ta)h(αe, βa, b1, b2)St(x2)]
−[ψL(x2, b2)
(
rc + r
2
ψ
)
]Eab(tb)h(αe, βb, b2, b1)St(x1)]}, (A32)
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MLLf =
8
3
πM4fBCf
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x3, b3) exp(−ω2B
b21
2
)×
{[rJ/ψψt(x2, b1) (rc + x2 − 1)− ψL(x2, b1)
(
x3
(
1− 2r2ψ
)− rc)]
Ecd(tc)h(βc, αe, b3, b1) + [rJ/ψψ
t(x2, b1) (rc + x2 − 1)−
ψL(x2, b1)
(
2rc − 2 (x3 − 1) r2ψ + x2 + x3 − 2
)
]
Ecd(td)h(βd, αe, b3, b1)}, (A33)
FLLa = −8πM4fBCf
∫ 1
0
dx2dx3
∫
∞
0
b2b3db2db3φD(x3, b3)×
{[ψL(x2, b2)
(
(2x3 − 1) r2J/ψ − x3 + 1
)
]Eef (te)h(αa, βe, b2, b3)
−[2 (x2 − 1) rDrJ/ψψt(x2, b2)− x2ψL(x2, b2)
(
r2J/ψ − 1
)
]
Eef(tf )h(αa, βf , b3, b2)}, (A34)
MLLa =
8
3
πM4fBCf
∫ 1
0
dx2dx3
∫
∞
0
b1b2db1db2φD(x3, b2) exp(−ω2B
b21
2
)×
{[x2ψL(x2, b2)
(
2r2J/ψ − 1
)− (x2 + x3 − 1) rDrJ/ψψt(x2, b2)]
Egh(tg)h(βg, αa, b1, b2)− [ψL(x2, b2)(rb
(
r2ψ − 1
)− rc + x3 (1− 2r2ψ))
+ (x2 + x3 − 1) rDrJ/ψψt(x2, b2)]Egh(th)h(βh, αa, b1, b2)}, (A35)
FLLs = FLRs = 2
√
2
3
πM4fBCffJ/ψ
∫ 1
0
dx2
∫
∞
0
b1b2db1db2φD(x2, b2) exp(−ω
2
Bb
2
1
2
)
{[rD (rb − 2x2) + r2ψ (2rb − 2x2 + 1)− 2rb + x2]
Eab(tas)h(αes, βas, b1, b2)St(x2) +
(rc − 2rD)Eab(tbs)h(αes, βbs, b2, b1)St(x1)]}, (A36)
MLLs = −
8
3
πM4fBCf
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x2, b1)ψ
L(x3, b3) exp(−ω2B
b21
2
)
{[−x1 + (x2 − 1) rD + x3
(
1− 2r2J/ψ
)
]Ecd(tcs)h(βcs, αes, b3, b1)
+[2rc − (x2 − 1) rD − 2 (x2 − 1) r2J/ψ + x2 + x3 − 2]
Ecd(tds)h(βds, αes, b3, b1)}, (A37)
MLRf =
8
3
πM4fBCf
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x3, b3) exp(−ω2B
b21
2
)×
{rD[x3ψL(x2, b1)− (x2 + x3 − 1) rJ/ψψt(x2, b1)]Ecd(tc)h(βc, αe, b3, b1)
+[ψL(x2, b1) ((x3 − 1) rD − rc) + rJ/ψψt(x2, b1) (rc + (x2 − x3) rD)]
Ecd(td)h(βd, αe, b3, b1)}, (A38)
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MLRa = −
8
3
πM4fBCf
∫ 1
0
dx2dx3
∫
∞
0
b1b2db1db2φD(x3, b2) exp(−ω2B
b21
2
)×
{[(x3 − 1) rDψL(x2, b2)− rJ/ψψt(x2, b2) (2rc − x2)]Egh(tg)h(βg, αa, b1, b2)
−[rDψL(x2, b2) (rb + x3)− rJ/ψψt(x2, b2) (rb − rc − x2 + 1)]
Egh(th)h(βh, αa, b1, b2)}, (A39)
MSPs =
8
3
πM4fBCf
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x2, b1) exp(−ω2B
b21
2
)
{[2rc − (x2 − 1)
(
rD + 2r
2
ψ − 1
)− x3]ψL(x3, b3)
Ecd(tcs)h(βcs, αes, b3, b1) + [rcrJ/ψψ
t(x3, b3) + ψ
L(x3, b3)(−rc + (x2 − 1) rD + (x3 − 1) (2r2ψ − 1))]
Ecd(tds)h(βds, αes, b3, b1)}, (A40)
FSPa = 16πM4fBCf
∫ 1
0
dx2dx3
∫
∞
0
b2b3db2db3φD(x3, b3)×
{ψL(x2, b2) (rc − (x3 − 1) rD)Eef(te)h(αa, βe, b2, b3)
+[2rDψ
L(x2, b2)− x2rJ/ψψt(x2, b2)]Eef(tf )h(αa, βf , b3, b2)}, (A41)
FSPf = −4
√
2
3
πM4fBCffDrD
∫ 1
0
dx2
∫
∞
0
b1b2db1db2 exp(−ω
2
Bb
2
1
2
)
[(rb − 2)ψL(x2, b2)− (x2 − 1) rJ/ψψt(x2, b2)]
Eab(ta)h(αe, βa, b1, b2)St(x2), (A42)
where the expressions of βa,b,c,d and αe are the similar to those of Eq. (A21), but
with the replacement rηc → rJ/ψ.
6. Factorization formulas for Bc → J/ΨD∗(s)
FLL,Lf = 2
√
2
3(1− r2J/ψ)
πM4fBCffD
∫ 1
0
dx2
∫
∞
0
b1b2db1db2 exp(−ω
2
Bb
2
1
2
)
{[ψL(x2, b2)
(
r2J/ψ − 1
)
(2rb − x2) + rJ/ψψt(x2, b2) (rb − 2x2)]
Eab(ta)h(αe, βa, b1, b2)St(x2)]
−[ψL(x2, b2)
(
rc + r
2
ψ
)
]Eab(tb)h(αe, βb, b2, b1)St(x1)]}, (A43)
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MLL,Lf =
8πM4fBCf
3
√
(1− r2J/ψ)
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x3, b3) exp(−ω2B
b21
2
)×
{[rJ/ψψt(x2, b1) (rc + x2 − 1)− ψL(x2, b1)
(
rc + x3
(
2r2ψ − 1
))
]
Ecd(tc)h(βc, αe, b3, b1)− [ψL(x2, b1)
(
2rc − 2 (x3 − 1) r2J/ψ + x2 + x3 − 2
)
−rJ/ψψt(x2, b1) (rc + x2 − 1)]Ecd(td)h(βd, αe, b3, b1)}, (A44)
FLL,La = −
8πM4fBCf√
1− r2J/ψ
∫ 1
0
dx2dx3
∫
∞
0
b2b3db2db3φD(x3, b3)ψ
L(x2, b2)
{[((2x3 − 1) r2J/ψ − x3 + 1)]Eef(te)h(αa, βe, b2, b3)
−x2
(
1− r2J/ψ
)
Eef(tf )h(αa, βf , b3, b2)}, (A45)
MLL,La =
8πM4fBCf
3
√
1− r2J/ψ
∫ 1
0
dx2dx3
∫
∞
0
b1b2db1db2φD(x3, b2) exp(−ω2B
b21
2
)×
{[x2ψL(x2, b2)
(
2r2J/ψ − 1
)− (x2 − x3 + 1) rDrJ/ψψt(x2, b2)]
Egh(tg)h(βg, αa, b1, b2) + [(x2 − x3 − 1) rDrJ/ψψt(x2, b2)− ψL(x2, b2)(
rb
(
r2J/ψ − 1
)− rc − x3 (2r2ψ − 1))]Egh(th)h(βh, αa, b1, b2)}, (A46)
FLL,Ls = FLR,Ls = 2
√
2
3(1− r2J/ψ)
πM4fBCffJ/ψ
∫ 1
0
dx2
∫
∞
0
b1b2db1db2φD(x2, b2)
exp(−ω
2
Bb
2
1
2
){[rD (rb − 2x2) + r2J/ψ (2rb − 2x2 + 1)− 2rb + x2]
Eab(tas)h(αes, βas, b1, b2)St(x2)− rcEab(tbs)h(αes, βbs, b2, b1)St(x1)]},(A47)
MLL,Ls =
8πM4fBCf
3
√
1− r2J/ψ
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x2, b1)ψ
L(x3, b3) exp(−ω2B
b21
2
)
{[x1 + (x2 − 1) rD + x3
(
2r2J/ψ − 1
)
]Ecd(tcs)h(βcs, αes, b3, b1)
−[2rc − (x2 − 1) rD − 2 (x2 − 1) r2J/ψ + x2 + x3 − 2]
Ecd(tds)h(βds, αes, b3, b1)}, (A48)
MLR,Lf =
8πM4fBCf
3
√
1− r2J/ψ
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x3, b3) exp(−ω2B
b21
2
)×
{[rD
(
x3ψ
L(x2, b1) + (x2 − x3 − 1) rJ/ψψt(x2, b1)
)
]Ecd(tc)h(βc, αe, b3, b1)
+[rJ/ψψ
t(x2, b1) (rc + (x2 + x3 − 2) rD)− ψL(x2, b1) (rc + (x3 − 1) rD)]
Ecd(td)h(βd, αe, b3, b1)}, (A49)
30
MLR,La = −
8πM4fBCf
3
√
1− r2J/ψ
∫ 1
0
dx2dx3
∫
∞
0
b1b2db1db2φD(x3, b2) exp(−ω2B
b21
2
)×
{[(x3 − 1) rDψL(x2, b2)− rJ/ψψt(x2, b2) (2rc − x2)]Egh(tg)h(βg, αa, b1, b2)
−[rJ/ψψt(x2, b2) (−rb + rc + x2 − 1) + rDψL(x2, b2) (rb + x3)]
Egh(th)h(βh, αa, b1, b2)}, (A50)
MSP,Ls =
8πM4fBCf
3
√
1− r2J/ψ
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x2, b1) exp(−ω2B
b21
2
)×
{[ψL(x3, b3)
(
2rc − (x2 − 1)
(
rD + 2r
2
J/ψ − 1
)− x3)]
Ecd(tcs)h(βcs, αes, b3, b1) + [rcrJ/ψψ
t(x3, b3) + ψ
L(x3, b3)(
(x3 − 1)
(
2r2J/ψ − 1
)− (x2 − 1) rD − rc(1− rJ/ψ))]
Ecd(tds)h(βds, αes, b3, b1)}, (A51)
FSP,La =
16πM4fBCf√
1− r2J/ψ
∫ 1
0
dx2dx3
∫
∞
0
b2b3db2db3φD(x3, b3)×
{[ψL(x2, b2) (rc + (x3 − 1) rD)]Eef (te)h(αa, βe, b2, b3)−
[x2rJ/ψψ
t(x2, b2)]Eef (tf)h(αa, βf , b3, b2)},
(A52)
FLL,Nf = 2
√
2
3
πM4fBCffDrD
∫ 1
0
dx2
∫
∞
0
b1b2db1db2 exp(−ω
2
Bb
2
1
2
)
{[(rψψT (−4rb + x2 + 1) + (rb − 2)ψV )]
Eab(ta)h(αe, βa, b1, b2)St(x2)]
−[rψψT ]Eab(tb)h(αe, βb, b2, b1)St(x1)]}, (A53)
FLL,Tf = 2
√
2
3
πM4fBCffDrD
∫ 1
0
dx2
∫
∞
0
b1b2db1db2 exp(−ω
2
Bb
2
1
2
)
{[((rb − 2)ψV − (x2 − 1) rψψT )]
Eab(ta)h(αe, βa, b1, b2)St(x2)]
−[rψψT ]Eab(tb)h(αe, βb, b2, b1)St(x1)]}, (A54)
MLL,Nf =
8
3
πM4fBCfrD
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x3, b3) exp(−ω2B
b21
2
)×
{[(x3ψV (x2, b1)]Ecd(tc)h(βc, αe, b3, b1)
+[
(
2 (x2 + x3 − 2) rψψT − (x3 − 1)ψV
)
]Ecd(td)h(βd, αe, b3, b1)}.(A55)
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MLL,Tf =
8
3
πM4fBCfrD
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x3, b3) exp(−ω2B
b21
2
)×
{(x3ψV (x2, b1))Ecd(tc)h(βc, αe, b3, b1)
+[ψV (x2, b1)(1− x3)]Ecd(td)h(βd, αe, b3, b1)}. (A56)
FLL,Na = −8πM4fBCfrψ
∫ 1
0
dx2dx3
∫
∞
0
b2b3db2db3φD(x3, b3)ψ
T (x2, b2)
{[(rc + (x3 − 2) rD)]Eef(te)h(αa, βe, b2, b3)
+ (x2 + 1) rDEef (tf)h(αa, βf , b3, b2)}. (A57)
FLL,Ta = −8πM4fBCfrψ
∫ 1
0
dx2dx3
∫
∞
0
b2b3db2db3φD(x3, b3)ψ
T (x2, b2)
{[(rc + x3rD)]Eef(te)h(αa, βe, b2, b3)
− (x2 − 1) rDEef (tf)h(αa, βf , b3, b2)}. (A58)
MLL,Na =
8
3
πM4fBCfrJ/ψ
∫ 1
0
dx2dx3
∫
∞
0
b1b2db1db2φD(x3, b2) exp(−ω2B
b21
2
)
{[x2rJ/ψψV (x2, b2)]Egh(tg)h(βg, αa, b1, b2)− [2rbrDψT (x2, b2)
+ (x2 − 1) rJ/ψψV (x2, b2)]Egh(th)h(βh, αa, b1, b2)}. (A59)
MLL,Ta =
8
3
πM4fBCfr
2
J/ψ
∫ 1
0
dx2dx3
∫
∞
0
b1b2db1db2φD(x3, b2)ψ
V (x2, b2) exp(−ω
2
Bb
2
1
2
)
{x2Egh(tg)h(βg, αa, b1, b2)− (x2 − 1)Egh(th)h(βh, αa, b1, b2)}. (A60)
FLL,Ns = −2
√
2
3
πM4fBCffJ/ψrJ/ψ
∫ 1
0
dx2
∫
∞
0
b1b2db1db2φD(x2, b2) exp(−ω
2
Bb
2
1
2
)
{[(rb (4rD − 1)− (x2 + 1) rD + 2)]Eab(tas)h(αes, βas, b1, b2)St(x2)
+rDEab(tbs)h(αes, βbs, b2, b1)St(x1)]}, (A61)
FLL,Ts = −2
√
2
3
πM4fBCffJ/ψrJ/ψ
∫ 1
0
dx2
∫
∞
0
b1b2db1db2φD(x2, b2) exp(−ω
2
Bb
2
1
2
)
{[(rb − (x2 − 1) rD − 2)]Eab(tas)h(αes, βas, b1, b2)St(x2)
−rDEab(tbs)h(αes, βbs, b2, b1)St(x1)]}, (A62)
MLL,Ns =
8
3
πM4fBCfrJ/ψ
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x2, b1)ψ
T (x3, b3)
exp(−ω2B
b21
2
){(x3 − x1)Ecd(tcs)h(βcs, αes, b3, b1)
+ (2 (x2 + x3 − 2) rD − x3 − x1 + 1)Ecd(tds)h(βds, αes, b3, b1)},(A63)
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MLL,Ts = −
8
3
πM4x3fBCfrJ/ψ
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x2, b1)ψ
T (x3, b3)
exp(−ω2B
b21
2
){(x3 − x1)Ecd(tcs)h(βcs, αes, b3, b1)
−(x1 + x3 − 1)Ecd(tds)h(βds, αes, b3, b1)}, (A64)
FLR,Ns = −2
√
2
3
πM4fBCffJ/ψrJ/ψ
∫ 1
0
dx2
∫
∞
0
b1b2db1db2φD(x2, b2) exp(−ω
2
Bb
2
1
2
)
{[(rb (4rD − 1)− (x2 + 1) rD + 2)]Eab(tas)h(αes, βas, b1, b2)St(x2)]
−rDEab(tbs)h(αes, βbs, b2, b1)St(x1)]}, (A65)
FLR,Ts = −2
√
2
3
πM4fBCffJ/ψrJ/ψ
∫ 1
0
dx2
∫
∞
0
b1b2db1db2φD(x2, b2) exp(−ω
2
Bb
2
1
2
)
{[(rb − (x2 − 1) rD − 2)]Eab(tas)h(αes, βas, b1, b2)St(x2)]
+rDEab(tbs)h(αes, βbs, b2, b1)St(x1)]}, (A66)
MLR,Nf = MLR,Tf =
8
3
πM4fBCfrJ/ψ
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x3, b3) exp(−ω2B
b21
2
)
{[(ψT (x2, b1) (rc + x2 − 1)− (x2 − 1) rJ/ψψV (x2, b1))]
(Ecd(tc)h(βc, αe, b3, b1) + Ecd(td)h(βd, αe, b3, b1))}. (A67)
MLR,Na = MLR,Ta = −
8
3
πM4fBCf
∫ 1
0
dx2dx3
∫
∞
0
b1b2db1db2φD(x3, b2) exp(−ω2B
b21
2
)
{[(x3 − 1) rDψV (x2, b2)− rJ/ψψT (x2, b2) (2rc − x2)]Egh(tg)h(βg, αa, b1, b2)
−[rJ/ψψT (x2, b2) (−rb + rc + x2 − 1) + rDψV (x2, b2) (rb + x3)]
Egh(th)h(βh, αa, b1, b2)}. (A68)
MSP,Ns =
4
3
πM4fBCfrJ/ψ
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x2, b1)ψ
T (x3, b3) exp(−ω2B
b21
2
)
{[(2 (x2 − x3 − 1) rD + x3 − x1)]
Ecd(tcs)h(βcs, αes, b3, b1)− (x1 + x3 − 1)Ecd(tds)h(βds, αes, b3, b1)}. (A69)
MSP,Ts = −
4
3
πM4fBCfrJ/ψ
∫ 1
0
dx2dx3
∫
∞
0
b1b3db1db3φD(x2, b1)ψ
T (x3, b3) exp(−ω2B
b21
2
)
{(x3 − x1)Ecd(tcs)h(βcs, αes, b3, b1)− (x1 + x3 − 1)Ecd(tds)h(βds, αes, b3, b1)}.(A70)
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FSP,Na = FSP,Ta = 16πM4fBCf
∫ 1
0
dx2dx3
∫
∞
0
b2b3db2db3φD(x3, b3)
{rJ/ψψT (x2, b2)Eef (te)h(αa, βe, b2, b3) + rDψV (x2, b2)Eef(tf)h(αa, βf , b3, b2)},
(A71)
where the expressions of βa,b,c,d and αe are the similar to those of Eq. (A21), but
with the replacement rηc → rJ/ψ.
Appendix B: scales and related functions in hard kernel
We show here the functions h, coming from the Fourier transform of virtual quark
and gluon propagators:
h(α, β, b1, b2) = h1(α, b1)× h2(β, b1, b2),
h1(α, b1) =
{
K0(
√
αb1) α > 0
K0(i
√−αb1) α < 0
h2(β, b1, b2) =
{
θ(b1 − b2)I0(
√
βb2)K0(
√
βb1) + (b1 ↔ b2) β > 0
θ(b1 − b2)J0(
√−βb2)K0(i
√−βb1) + (b1 ↔ b2) β < 0 (B1)
where J0 is the Bessel function andK0, I0 are modified Bessel function withK0(ix) =
pi
2
(−N0(x) + iJ0(x)). The hard scale t is chosen as the maximum of the virtuality of
the internal momentum transition in the hard amplitudes, including 1/bi(i = 1, 2, 3):
ta(as) = max(
√
|αe(es)|,
√
|βa(as)|, 1/b1, 1/b2), tb(bs) = max(
√
|αe(es)|,
√
|βb(bs)|, 1/b1, 1/b2),
tc(cs) = max(
√
|αe(es)|,
√
|βc(cs)|, 1/b1, 1/b3), td(ds) = max(
√
|αe(es)|,
√
|βd(ds)|, 1/b1, 1/b3),
te = max(
√
|αa|,
√
|βe|, 1/b2, 1/b3), tf = max(
√
|αa|,
√
|βf |, 1/b2, 1/b3),
tg = max(
√
|αa|,
√
|βg|, 1/b1, 1/b2), th = max(
√
|αa|,
√
|βh|, 1/b1, 1/b2). (B2)
The function Eij(t) is defined by
Eab,cd,ef,gh(t) = αs(t)Sab,cd,ef,gh(t), (B3)
34
where the Sudakov factors can be written as
Sab(t) = s(
MB√
2
x1, b1) + s(
MB√
2
x2, b2) + s(
MB√
2
(1− x2), b2)
+
5
3
∫ t
1/b1
dµ
µ
γq(µ) + 2
∫ t
1/b2
dµ
µ
γq(µ),
Scd(t) = s(
MB√
2
x1, b1) + s(
MB√
2
x2, b1) + s(
MB√
2
(1− x2), b1)
+s(
MB√
2
x3, b3) + s(
MB√
2
(1− x3), b3)
+
11
3
∫ t
1/b1
dµ
µ
γq(µ) + 2
∫ t
1/b3
dµ
µ
γq(µ),
Sef(t) = s(
MB√
2
x2, b2) + s(
MB√
2
(1− x2), b2) + s(MB√
2
x3, b3)
+s(
MB√
2
(1− x3), b3) + 2
∫ t
1/b2
dµ
µ
γq(µ) + 2
∫ t
1/b3
dµ
µ
γq(µ),
Sgh(t) = s(
MB√
2
x1, b1) + s(
MB√
2
x2, b2) + s(
MB√
2
(1− x2), b2) + s(MB√
2
x3, b2)
+s(
MB√
2
(1− x3), b2) + 5
3
∫ t
1/b1
dµ
µ
γq(µ) + 4
∫ t
1/b2
dµ
µ
γq(µ), (B4)
where the functions s(Q, b) are defined in Appendix A of [25]. γq = −αs/π is the
anomalous dimension of the quark.
[1] F. Abe, et al. [CDF Collaboration], Phys. Rev. Lett. 81, 2432 (1998).
[2] A. Abulencia et al. [CDF Collaboration], Phys. Rev. Lett. 97, 012002(2006).
[3] V. M. Abazov et al. [D0 Collaboration], Phys. Rev. Lett. 102, 092001(2009).
[4] T. Aaltonen et al. [CDF Collaboration], Phys. Rev. Lett. 100, 182002(2008).
[5] V. M. Abazov et al. [D0 Collaboration], Phys. Rev. Lett. 101, 012001(2008).
[6] N. Brambilla et al.(Quarkonium Working Group), Report No. CERN-2005-005;M. P.
Altarelli and F. Teubert,Int. J. Mod. Phys. A 23, 5117 (2008).
[7] R. Aaij et al. [LHCb Collaboration], Phys. Rev. Lett. 109, 232001(2012).
[8] R. Aaij et al. [LHCb Collaboration], Phys. Rev. Lett. 108, 251802(2012).
[9] R. Aaij et al. [LHCb Collaboration], J. High Energy Phys. 09 (2013) 075.
[10] R. Aaij et al. [LHCb Collaboration], Phys. Rev. D 87, 071103 (2013).
35
[11] R. Aaij et al. [LHCb Collaboration], Phys. Rev. D 87, 112012 (2013).
[12] R. Aaij et al. [LHCb Collaboration], J. High Energy Phys. 11 (2013) 094.
[13] R. Aaij et al. [LHCb Collaboration], Phys. Rev. Lett. 111, 181801 (2013).
[14] R. Aaij et al. [LHCb Collaboration], J. High Energy Phys. 05 (2014) 148.
[15] T. Aaltonen et al. [CDF Collaboration], Phys. Rev. D. 87, 011101(2013).
[16] N. Brambilla et al., (Quarkonium Working Group), hep-ph/0412158.
[17] H.-n. Li, and H.L.Yu, Phys. Rev. Lett. 74, 4388 (1995); H.-n. Li, Phys. Lett. B 348,
597 (1995).
[18] X. Liu, Z.-J. Xiao and Cai-Dian Lu¨, Phys Rev D 81, 014022 (2010).
[19] X. Liu and Z.-J. Xiao, Phys Rev D 81, 074017 (2010).
[20] Y.Yang, J.Sun and N. Wang, Phys Rev D 81, 074012 (2010).
[21] X. Liu and Z.-J. Xiao, Phys Rev D 82, 054029 (2010).
[22] X. Liu and Z.-J. Xiao, J Phys G 38, 035009 (2011).
[23] Z.-J. Xiao and X. Liu, Phys Rev D 84, 074033 (2011).
[24] Z.-J. Xiao and X. Liu, Chin. Sci. Bull. 59, 3748 (2014).
[25] J. F. Cheng, D. S. Du, and Cai-Dian Lu¨, Eur Phys J C 45, 711 (2006).
[26] Zhang J and Yu X Q, Eur Phys J C 63, 435 (2009).
[27] Z. Rui, Z.-T. Zou, and Cai-Dian Lu¨, Phys Rev D 86, 074008 (2012).
[28] R.Zhou, Z. Zou, and Cai-Dian Lu¨, Phys Rev D 86, 074019 (2012).
[29] Z.-T. Zou, X. Yu and Cai-Dian Lu¨, Phys Rev D 87, 074027 (2013).
[30] J. Sun, D. Du, and Y. Yang, Eur. Phys. J. C 60, 107 (2009).
[31] X. Q. Yu and X. L. Zhou, Phys Rev D 81, 037501 (2010).
[32] Particle Data Group, Phys Rev D 86, 010001 (2012).
[33] H.-N. Li and Hoi-Lai Yu, Phys Rev D 53, 2480 (1996).
[34] Cong-Feng Qiao, Peng Sun, Deshan Yang and Rui-Lin Zhu, Phys Rev D 89, 034008
(2014).
[35] D. Ebert, R. N. Faustov and V. O. Galkin, Phys Rev D 68, 094020 (2003).
[36] Bell G and Feldmann Th, J High Energy Phys 04, 061(2008); arXiv:hep-ph/0509347
(2005).
[37] Yu Jia, Jian-Xiong Wang and Deshan Yang, J. High Energy Phys. 10 (2011) 105.
36
[38] Wang W, Shen Y L and Cai-Dian Lu¨, Eur Phys J C 51, 841 (2007).
[39] C.W.Bauer, D. Pirjol and I. W. Stewart, Phys. Rev. Lett. 87, 201806 (2001).
[40] Ying Li, Cai-Dian Lu¨ and Cong-Feng Qiao, Phys.Rev.D 73, 094006 (2006).
[41] C.-H. Chang and H.-N. Li, Phys. Rev. D 55, 5577 (1997).
[42] J. C. Collins and D. E. Soper, Nucl. Phys. B 193, 381 (1981); J. Botts and G.
Sterman, Nucl. Phys. B 325, 62 (1989).
[43] Cai-Dian Lu¨ and M.-Z. Yang, Eur. Phys. J. C 28, 515 (2003).
[44] T. Kurimoto ,H.-N. Li and A. I. Sanda, Phys. Rev. D 67, 054028 (2003).
[45] A. V. Manohar and M. B. Wise, Cambridge Monogr. Part. Phys., Nucl. Phys. Cos-
mol.10, 1 (2000).
[46] Run-Hui Li, Cai-Dian Lu¨, and Hao Zou, Phys. Rev. D 78, 014018 (2008); Hao Zou,
Run-Hui Li, Xiao-Xia Wang, and Cai-Dian Lu¨, J. Phys. G 37, 015002 (2010).
[47] Run-Hui Li, Cai-Dian Lu¨, A.I. Sanda and Xiao-Xia Wang Phys. Rev. D 81, 034006
(2010).
[48] C.-H. Chang and H.-N. Li, Phys. Rev. D 71, 114008 (2005).
[49] V. M. Braun and I. E. Filyanov,Z. Phys. C 48, 239 (1990); P. Ball, V. M. Braun, Y.
Koike, and K. Tanaka,Nucl. Phys. B 529, 323 (1998); P. Ball,J. High Energy Phys.
01 010 (1999).
[50] V.V. Kiselev, A.K. Likhoded, and A.I. Onishchenko, Nucl. Phys. B 569, 473 (2000);
Phys. At. Nucl. 63, 2123 (2000).
[51] M.A. Ivanov, J.G. Korner, and P. Santorelli, Phys. Rev. D 63, 074010 (2001).
[52] W. Wang, Y.L. Shen and Cai-Dian Lu¨, Phys. Rev. D 79, 054012 (2009).
[53] T. Huang and F. Zuo, Eur. Phys. J. C 51, 833 (2007).
[54] R. Dhir, N. Sharma, and R. C. Verma, J. Phys. G 35, 085002 (2008); R. Dhir and
R. C. Verma, Phys. Rev. D 79, 034004 (2009).
[55] Junfeng Sun, Yueling Yang, Qin Chang and Gongru Lu, Phys Rev D 89,114019
(2014).
[56] C. H. Chang and Y. Q. Chen,Phys. Rev. D 49, 3399 (1994).
[57] V. V. Kiselev, A. E. Kovalsky, and A. K. Likhoded, Nucl. Phys.B 585, 353 (2000);
V. V. Kiselev, arXiv:hep-ph/0211021.
37
[58] M. A. Ivanov, J. G. Korner and P. Santorelli, Phys. Rev. D 73, 054024 (2006).
[59] S. Naimuddin, S. Kar, M. Priyadarsini, N. Barik and P. C. Dash, Phys Rev D
86,094028 (2012); S. Kar, P. C. Dash, M. Priyadarsini, S. Naimuddin and N. Barik
Phys Rev D 88, 094014 (2013).
[60] P. Colangelo and F. De Fazio, Phys. Rev. D 61, 034012 (2000).
[61] A. Abd El-Hady, J. H. Munoz, and J. P. Vary, Phys. Rev. D 62, 014019 (2000).
[62] H. Fu, Y. Jiang, C. S. Kim, and G. L. Wang, J. High Energy Phys. 06 (2011) 015.
[63] T. E. Browder and K. Honscheid, Prog. Part. Nucl. Phys. 35, 81 (1995); M. Neubert,
V. Rieckert, B. Stech, and Q. P. Xu, in Heavy Flavours, edited by A. J. Buras and
H. Lindner (World Scientific, Singapore, 1992), and references therein.
[64] A. Ali, J. G. Ko¨rner, G. Kramer and J. Willrodt, Z. Phys. C 1, 269 (1979); J. G.
Korner, and G. R. Goldstein, Phys. Lett. B 89, 105 (1979).
[65] H.-N. Li and S. Mishima, Phys Rev D 71,054025 (2005).
[66] Cai-Dian Lu¨, arXiv:hep-ph/0606094.
38
